A novel approach to estimating sinusoidd parameters of musical tones is presented. The proposed algorithm uses a quadratic polynomial phase sinusoidal model and a global waveform fitting criterion to obtain optimal model parameter estimates.
INTRODUCTION
Sinusoidal modeling for music analysis/synthesis has received considerable interests in the computer music community since the pioneering work done by McAulay and Quatieri of MIT Lincoln Laboratory. In their Sinusoidal Transformation System (STS or hlQ) [1] , they proposed using a sinusoidal model for speech analysis and synthesis. In 1990, Serra and Smith developed a Spectral Modeling System (SMS) [2] for musical applications. In both MQ and SNIS, sinusoids are modeled (parametrized) by their amplitude, frequency and phase. In order to account for the timevarying nature of the signal being analyzed, analysis is performed on a frame-by-frame basis. At the synthesis time, sinusoidal parameter estimates obtained at frame boundaries are interpolated to each sample point. In [1], a cubic polynomial interpolation algorithm is proposed for sinusoidal phase interpolation. In our study of NIQ and ShIS, several problems related to the signal model and the analysis and synthesis algorithms are identified. First, the parameter estimates obtained by a frame-based approach are time-localized, not being able to take full advantage of the fact that most musical tones are processed off-line. Second, an analysis-by-synthesis approach is not employed. Therefore the synthesis interpolation errors can not be taken into account when model parameters are estimated. It is noted that although the term analysis-by-synthesis is also used by George and Smith in a sinusoidal modeling application (ABS/0LA) [4] , their analysis-by-synthesis only involves estimation of the model parameters for a frame, and does not try to account for frame-to-frame synthesis interpolation errors. The third problem of the existing algorithms is that the cubic phase interpolation algorithm used for sinusoid resynthesis may create the artifact of frequency track "oscillation" in some scenarios and is computationally expensive [3] . Further study of these problems suggests that a musical tone can be more appropriately modeled by a sum of quadratic polynomial phase sinusoids, i.e., s(t) =~Am(t) sin(dm(t)), and 6~(t) = al + b~t + c~tz,
where Om(t) at the nth data frame is given by e:(t). In this signal model, Jf is the number of sinusoids, Am(t) and dm(t) are the amplitude and phase track of the mth component sinewave, respectively. In this paper, we present a novel approach to estimating the model parameters in (l).
ESTIMATION OF SINUSOIDAL PAPAMETERS

A. Estimation criterion
As pointed out earlier, most existing analysis algorithms including NIQ, SMS and .4BS/OLA do not employ an analysis-by-synthesis approach for parameter estimation in a globally optimized sense. Therefore any errors resulted from the interpolation process for synthesis can not be taken into account in the estimation of model parameters. This problem needs to be addressed when deriving our estimation algorithm. In order to do this, and by noting that each sinusoidal component has a nominal frequency, denoted by w~, we first rewrite the signal model (1) as Lf s(t) =~Am(t) sin(w,nt + @m(t)),
m=l where~~(t)is the phase deviation track of the mth sinusoidal component. It should be emphasized that Wm, m= l,..., fl~are by no means constrained to be harmonically or qu~i-harmonically related. lVe then express the tim~varying amplitude and phase deviation tracks as linear combinations of linear and quadratic basis spline functions, respectively, i.e.,
Am(t) =~A; An(~), and @m(t) =~a~B. (t).
(3) n=o n=-2
In the above equations, An(t) and B~(t) are the nth linear and quadratic B-spline functions [5] , respectively. Note that the peak of An(t) is located at the beginning of the nth frame, when the peak of Bn(t) is at the center of the (n + l)th frame.
The objective of the estimation algorithm is to obtain estimates of Al and a; breed on the following error minimization criterion:
where
k is the sample index, L is the number of samples in a frame of length T, and the sampling rate is assumed to be 1. From (4) and (5), we see that the sinusoidal parameters are estimated based on a waveform (data) fitting criterion as opposed to the energy fitting one used by NIQ and ShlS. tVe also see that the error to be minimized is the energy of the residual for a given number of sinusoids. It is worth noting that the synthesis of sinusoids is implicitly performed when sinusoidal parameters are estimated.
B. Estimation procedtire
JVe have developed a four-step procedure to estimate the model parameters Al and n;, readers are referred to [3] for details.
